Stress concentration around a nanovoid near the surface of an elastic half-space  by Mi, Changwen & Kouris, Demitris
International Journal of Solids and Structures 50 (2013) 2737–2748Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rStress concentration around a nanovoid near the surface of an elastic
half-space0020-7683/$ - see front matter  2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.ijsolstr.2013.04.029
⇑ Corresponding author. Tel.: +86 25 8379 2248; fax: +86 25 8379 2247.
E-mail address: mi@seu.edu.cn (C. Mi).Changwen Mi a,⇑, Demitris Kouris b
a Jiangsu Key Laboratory of Engineering Mechanics, Department of Engineering Mechanics, Southeast University, Nanjing, Jiangsu 210096, China
bCollege of Science and Engineering, Texas Christian University, Fort Worth, TX 76129, USA
a r t i c l e i n f o a b s t r a c tArticle history:
Received 9 January 2013
Received in revised form 24 April 2013
Available online 7 May 2013
Keywords:
Stress concentration
Nanovoid
Half-space
Displacement potentials methodStress concentrations typically occur near discontinuities in structural elements and are often responsible
for crack initiation. The aim of this study is to assess the stress concentration effects in the vicinity of a
nanovoid located near a free surface. A semi-analytical investigation was carried out using the method of
displacement potentials and coherent surface models. We investigated the dependence of stress concen-
tration on a few important parameters like surface properties, external loads, bulk properties, as well as
void size and location. Our analysis highlighted a few possible combinations of governing parameters that
can reduce, prevent, and even reverse stress concentrations in nanoporous media.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Progressive fracture resulting from cyclic loads is the most com-
mon failure mode of ductile engineering materials. Cracks in these
materials typically initiate and subsequently propagate in the
vicinity of geometric discontinuities such as voids, inhomogenei-
ties and reentrant corners. This behavior is primarily due to large
stresses as well as large stress gradients near geometric irregular-
ities. Stress concentration around voids has been a subject of study
in applied mechanics for more than a century (Sadd, 2005). A num-
ber of seminal solutions were developed for generalized elliptical
and ellipsoidal voids (Eshelby, 1959; Mura, 1987; Sadd, 2005).
Analytical techniques available for tackling these problems utilize
complex variables, stress functions and displacement potentials.
The presence of voids introduces a disturbance to the uniform
stress ﬁeld, resulting in an appreciable stress gradient. As a result
of advances in surface mechanics (Gurtin and Murdoch, 1978;
Gurtin et al., 1998), we know that the magnitude of the distur-
bance is dependent on the thermodynamic properties of void
surfaces (Cahn and Lärché, 1982; Sharma et al., 2003). Due to this
dependence, geometric defects as well as surface mechanics con-
tribute to the actual stress distribution. It is clear that classical,
size-independent stress concentrations on the void surface are
not accurate. An additional characteristic length scale, namely
the void size, must be introduced to describe the stress concentra-
tion at the void surface. This is particularly true when the size of
the voids reaches nanoscale levels (nanovoids). The stress distribu-tions away from the void surface, as one would expect, remain a
function of the void size, like their classical counterparts.
When surface effects are taken into account, we ﬁnd that stress
concentrations are highly localized and decay rapidly away from
the void. The stress gradient becomes negligible at distances equal
to ﬁve multiples of the void radius (He and Li, 2006; Mi and Kouris,
2012; Sadd, 2005; Sharma and Ganti, 2004; Tian and Rajapakse,
2007). As a result, problems involving a ﬁnite matrix can be
approximated by an inﬁnite medium, as long as the boundaries
are located at distances larger than ﬁve void radii. Nevertheless,
there is a plethora of cases when the interactions between bound-
aries and voids cannot be ignored, e.g. in the fabrication of nano-
porous alumina and gold thin ﬁlms on appropriate substrates,
which are important in a number of nanotechnology applications
(Marsal et al., 2009; Okman et al., 2010).
Determining the stress ﬁled due to voids embedded in a ﬁnite
medium is not trivial and the solution,more often than not, requires
a series representation (Sadd, 2005). Within the classical elasticity
framework, Tsuchida and his coworkers have solved numerous
problems that involve spherical as well as ellipsoidal cavities, pres-
ent in half-spaces, thin-ﬁlms, and circular cylinders (Kawakami
et al., 1980; Tsuchida and Nakahara, 1974; Tsuchida et al., 1976).
Avazmohammadi et al. (2009) studied the effect of interface
mechanics due to a circular inclusion near a half-plane, using
two-dimensional Papkovitch–Neuber displacement potentials.
The study examined the cases of far-ﬁeld uniaxial tension and
non-shear eigenstrain in the inclusion. Yang et al. (2012) investi-
gated the dynamic stress distribution in a semi-inﬁnite solid con-
taining a cylindrical nano-inhomogeneity, under anti-plane shear
waves. They reported that interface mechanics, coupled with
Fig. 1. A spherical nanovoid embedded in the vicinity of the plane boundary of an
elastic half-space. The solid body is subjected to a far-ﬁeld uniaxial tension.
Cartesian, cylindrical, and spherical coordinates are collectively used to analyze the
signiﬁcance of nanovoid surface effects.
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and the property of incident waves, determine the distribution of
dynamic stress near the plane boundary and nanoparticle.
A small number of studies within this subject matter have
considered multiple nanoscale voids or inhomogeneities in an
unbounded elastic solid. Mogilevskaya et al. (2008) used a com-
plex-variable method to solve the problem of multiple interacting
circular nanoinhomogeneities or nanovoids. Kushch et al. (2011)
and Kushch et al. (2013) used a vectorial spherical harmonics
approach for analyzing the elastic ﬁelds and effective moduli of
multiple interacting spherical inhomogeneities. The disturbance
due to the proximity of a boundary has not been addressed.
The goal of the present study is to determine the stress distribu-
tion around a nanovoid, which is embedded in an elastic half-
space. Uniaxial tension, acting parallel to the surface boundary is
applied very far from the nanovoid. The approach is conﬁned with-
in the framework of linear and isotropic elasticity and represents
the basic solution that can be used in other conﬁgurations with
complicated loading conditions. This problem has not been solved
to-date due to its mathematical complexity. We decided to focus
on the void case because previous studies report that the void sur-
face effect is much more crucial than that of an inhomogeneity/
matrix interface (He and Li, 2006; Mi and Kouris, 2006).
We developed a semi-analytical solution expressed in terms of
Bessel and Legendre functions, using the displacement potentials
method that was recently adapted to the problem of embedded
nanoparticles. This method is excellent in addressing three-dimen-
sional problems. Every ﬁeld quantity deﬁned for the bulk or inter-
facial phases can be expressed in terms of displacement potentials.
An alternative to the semi-analytical approach is the ﬁnite element
formulation; however, this method is not discussed in the present
work. For more details on this topic, the reader is invited to refer to
the review article by Wang et al. (2011).
A full version of Gurtin and Murdoch’s coherent surface model
was implemented in the traction balance across the void surface
(Mogilevskaya et al., 2008). The often neglected normal compo-
nents of surface stress tensor were taken into account, although
their inﬂuence proves to be marginal for reported values of mate-
rials properties. It should also be noted that the surface stress ef-
fects at the straight boundary are not accounted for in the
present study.
The results of the model suggest that the stress concentration
around a nanovoid depends on the void surface properties.We have
been able to explain themechanism and point out a general trend of
surface/interface mechanics: positive residual surface stress tends
to counter the stress concentration due to tensile loads. The same
conclusion holds for the surface Lamé constants.We are of the opin-
ion that the result provides additional insight into the design and
manufacturing of nanoporous structural elements.
We structure the remainder of this article as follows: Section 2
outlines the details of analyzing the stress concentration around a
nanovoid in elastic half-spaces. In Section 3 selected numerical
examples are presented to reﬂect the general behavior mechanisms
of local elastic ﬁelds. Our conclusions are presented in the ﬁnal sec-
tion. Please refer to the Appendices and our previouswork for expli-
cit expressions of elastic ﬁelds and surface-featured quantities.2. Method of solution
Consider a spherical nanovoid embedded at a short distance (d)
from the plane boundary of a semi-inﬁnite elastic domain, as
shown in Fig. 1. The coordinate origin was chosen to coincide with
the center of the nanovoid. Depending on the geometry, Cartesian
(x; y; z), cylindrical (r; h; z) and spherical (R; h;u) coordinates are
alternatively used to accommodate the plane boundary and thespherical surface. Coordinate transformations of ﬁeld quantities,
i.e. displacements, strains and stresses, are unavoidable and can
be facilitated by directional cosines deﬁned for any two of the
three coordinates.
Fig. 1 schematically illustrates the relationship among the three
coordinates. The elastic half-space is subjected to a uniaxial far-
ﬁeld tension (T), applied at the remote boundary. Following Gurtin
and Murdoch’s mechanical modeling for coherent surfaces (Gurtin
and Murdoch, 1978), the spherical void surface (R ¼ a) is treated as
a thin ﬁlm of inﬁnitesimal thickness. Its elastic properties can be
represented by the residual surface stress (s0) and two surface
Lamé constants (k0 and l0). The shear modulus (G) and Poisson’s
ratio (m) are, as usual, employed to denote the linearly elastic prop-
erties of the isotropic half-space.
Excluding body forces, the equations of equilibrium of a linearly
elastic and isotropic solid are
1
ð1 2mÞuj;ji þ ui;jj ¼ 0; ð1Þ
where ui represent the components of displacement ﬁeld and com-
mas in subscripts denote partial differentiation with respect to spa-
tial coordinates. Einstein’s summation rule over repeated indices is
applicable unless otherwise stated. The Roman indices convention-
ally denote variables belonging to bulk domains and assume values
from 1 to 3.
The general solution to Eq. (1) is often derived with the aid of a
groupof functions, referred to as themethodof displacement poten-
tials (Sadd, 2005; Kawakami et al., 1980; Tsuchida and Nakahara,
1974; Tsuchida et al., 1976). Each potential function is a solution
to harmonic equations and may assume a variety of mathematical
forms in accordance with coordinates. For example, Legendre and
Bessel functions are often candidates for the cases of spherical and
cylindrical coordinates, respectively. For a given problem, geome-
try-adapted coordinates and loading conditions collectively deter-
mine the functional form of each potential function, number of
functions in each potential set, and the number of potential sets.
For the present problem, one solution to Eq. (1) can be constructed
using six potential functions, proposed by Tsuchida and Nakahara
(1974). They are related to the displacement ﬁeld through
2Gu1¼ @/0
@x1
þxi @/i
@x1
 34mð Þ/1þ2
@k3
@x2
þx1 @/4
@x3
;
2Gu2¼ @/0
@x2
þxi @/i
@x2
 34mð Þ/22
@k3
@x1
þx2 @/4
@x3
;
2Gu3¼ @/0
@x3
þxi @/i
@x3
 34mð Þ/3x1
@/4
@x1
x2 @/4
@x2
4 1mð Þ/4;
ð2Þ
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the three components of a vectorial harmonic function. This
solution is formed by combining three well known displacement
potentials, namely Boussinesq, Papkovitch–Neuber, and Dougall
displacement potentials. A brief review of these displacement
potentials can be found in Mi and Kouris (2012).
The next task lies in the careful selection and grouping of the six
potential functions to accommodate both the geometry and load-
ing conditions of the present problem. For a far-ﬁeld uniaxial ten-
sion applied at the remote boundary along x direction two
potential functions, i.e. /0 and /3, are sufﬁcient
/0 ¼ 
1 mð Þ
2 1þ mð ÞR
2P2ðlÞT þ 112 cos 2hR
2P22ðlÞT;
/3 ¼ 
1
2 1þ mð ÞRP1ðlÞT;
ð3Þ
where PnðlÞ denotes Legendre function of the ﬁrst kind of order n
and Pmn ðlÞ represents associated Legendre function of order n and
degree m
Pmn ðlÞ ¼ 1 l2
 m=2 dm
dlm
PnðlÞ: ð4Þ
Their argument is related to the spherical polar variable through
l ¼ cosu. With the help of Eq. (2), the displacement–strain rela-
tionship, and the constitutive law, the displacement and stress com-
ponents can be derived as follows
2GuR ¼ 1 2mð Þ3 1þ mð ÞRP0ðlÞT 
1
3
RP2ðlÞT þ 16 cos 2hRP
2
2ðlÞT;
2Guh ¼ 16 sin 2hR
P22ðlÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2p T;
2Guu ¼ 16R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2
q
P02ðlÞT 
1
12
cos 2hR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2
q
P22
0ðlÞT;
ð5Þ
rRR ¼ 13 P0ðlÞ  P2ðlÞð ÞT þ
1
6
cos 2hP22ðlÞT;
rRh ¼ 16 sin 2h
P22ðlÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2
p T;
rRu ¼ 16
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2
q
P02ðlÞT 
1
12
cos 2h
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2
q
P22
0ðlÞT;
rhh ¼ 12 P0ðlÞT 
1
2
cos 2hT;
ruu ¼ 16 P0ðlÞT þ
1
3
P2ðlÞT þ 12 cos 2hl
2T;
rhu ¼ 12 sin2hlT:
ð6Þ
Here, the prime symbol in P0nðlÞ and Pmn 0ðlÞ denotes derivative with
respect to l. It is easy to observe from Eqs. (5) and (6) that each dis-
placement and stress component is composed of two parts: one is
axially symmetric about z axis whereas the other is proportional to
either sin 2h or cos 2h. Transforming Eq. (6) back into Cartesian coor-
dinates proves that the azimuthally-independent and dependent
contribution correspond to an all-around tension (rxx ¼ ryy ¼ T=2)
and anti-symmetric biaxial state (rxx ¼ ryy ¼ T=2), respectively.
Altogether, the uniaxial tensile loading at inﬁnity is conﬁrmed.
Mi and Kouris (2006) have previously solved the elastic state
around a spherical nano-inhomogeneity embedded in an elastic
half-space subjected to a far-ﬁeld all-around tension. They chose
two sets of displacement potentials to accommodate the geometry
and all-around tension
/0 ¼ G
X1
n¼0
An
dnþ3
Rnþ1
PnðlÞ;
/3 ¼ G
X1
n¼0
Bn
dnþ2
Rnþ1
PnðlÞ;
ð7Þ/0 ¼
Z 1
0
w1 kð ÞJ0 krð Þekzdk;
/3 ¼
Z 1
0
kw2 kð ÞJ0 krð Þekzdk;
ð8Þ
where JmðkrÞ is the Bessel function of the ﬁrst kind of order m;An and
Bn are dimensionless coefﬁcients to be determined from the bound-
ary conditions (BCs) at the spherical surface; w1ðkÞ and w2ðkÞ are un-
known functions to be correlated with spherical harmonics by
satisfying BCs at the plane boundary. As a result, the displacement
and stress ﬁeld of the axially-symmetric solution assume the same
form as those of Mi and Kouris (2006), except the different magni-
tude of all-around tension and normalization factor.
For the anti-symmetric solution, themethod of six-displacement
potentials is adopted (Tsuchida and Nakahara, 1974). In view of the
geometry and loading characteristics, two additional sets of
displacement potentials can be formulated
/0 ¼ G cos 2h
X1
n¼2
Cn
dnþ3
Rnþ1
P2nðlÞ;
/1 ¼ G cos h
X1
n¼1
Dn
dnþ2
Rnþ1
P1nðlÞ;
/2 ¼ G sin h
X1
n¼1
Dn
dnþ2
Rnþ1
P1nðlÞ;
/3 ¼ G cos 2h
X1
n¼2
En
dnþ2
Rnþ1
P2nðlÞ;
/4 ¼ G cos 2h
X1
n¼2
Dn
n 1ð Þ
dnþ2
Rnþ1
P2nðlÞ;
ð9Þ/0 ¼ cos 2h
Z 1
0
w3 kð ÞJ2 krð Þekzdk;
/1 ¼ cos h
Z 1
0
w4 kð ÞJ1 krð Þekzdk;
/2 ¼  sin h
Z 1
0
w4 kð ÞJ1 krð Þekzdk;
/3 ¼ cos 2h
Z 1
0
kw5 kð ÞJ2 krð Þekzdk;
k3 ¼ sin 2h
Z 1
0
w6 kð ÞJ2 krð Þekzdk;
ð10Þ
In Eq. (9), Cn;Dn and En are dimensionless coefﬁcients of spherical
harmonic functions. In Eq. (10), w3 kð Þ;w4 kð Þ and w5 kð Þ are unknown
functions of the integral variable k. These dimensionless constants
as well as the unknown functions are to be determined by enforcing
the BCs both at the plane boundary and at the void surface.
These displacement potentials are justiﬁed by carefully examin-
ing both geometric and loading characteristics of the present prob-
lem. The h-dependent part in potential group (3) is responsible for
the remote anti-symmetric (pure-shear) load. The geometry of the
present problem is characterized by a semi-inﬁnite elastic medium
containing a spherical nanovoid. As a result, potential groups (9)
and (10) need to be simultaneously adopted. They are general solu-
tions of harmonic equations for an inﬁnite domain excluding a
spherical nonavoid and for a half space (z > 0) in terms of cylindri-
cal coordinates, respectively. Potential group (10) is necessary to
help clear the stress tractions at the plane boundary, which would
otherwise be nonzero due to potential group (9).
Possible BCs at the straight edge include but are not limited to
traction-free, uniform pressure/shear, rigid-slip, and motionless
(Avazmohammadi et al., 2009; Eiichiro and Ichiro, 1972). In the
present work, only traction-free BCs were considered. Other types
of classical BCs, however, can be implemented without difﬁculty.
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der to clear the tractions at the plane boundary (z ¼ d), it must be
transformed into cylindrical coordinates. This transformation can
be facilitated by the relation between spherical and cylindrical har-
monics (Gradshteyn et al., 1994)
Pmn ðlÞ
Rnþ1
¼ 1
nmð Þ!
Z 1
0
knJm krð Þekzdk ðzP 0Þ: ð11Þ
Replacing (z) with (z), (l) with (l), and with the aid of the parity
transformation of associated Legendre functions it is found that
Pmn ðlÞ
Rnþ1
¼ 1ð Þ
nþm
nmð Þ!
Z 1
0
knJm krð Þekzdk ðz 6 0Þ: ð12Þ
Utilizing Eq. (12), the potential group (9) can now be trans-
formed into cylindrical coordinates
/0 ¼ cos 2h
Z 1
0
-3 kð ÞJ2 krð Þekzdk;
/1 ¼ cos h
Z 1
0
-4 kð Þ þ GD1d3k
 
J1 krð Þekzdk;
/2 ¼  sin h
Z 1
0
-4 kð Þ þ GD1d3k
 
J1 krð Þekzdk;
/3 ¼ cos 2h
Z 1
0
k-5 kð ÞJ2 krð Þekzdk;
/4 ¼ cos 2h
Z 1
0
-4 kð ÞJ2 krð Þekzdk;
ð13Þ
where
-3 kð Þ ¼ G
X1
n¼2
1ð Þndnþ3kn
n 2ð Þ! Cn;
-4 kð Þ ¼ G
X1
n¼2
1ð Þnþ1dnþ2kn
n 1ð Þ! Dn;
-5 kð Þ ¼ G
X1
n¼2
1ð Þndnþ2kn1
n 2ð Þ! En:
ð14Þ
At this point, the expressions for stresses at the plane boundary
z ¼ d can be readily derived. By enforcing the traction-free condi-
tions at the plane boundary, i.e. rzr ¼ rzh ¼ rzz ¼ 0, the four un-
known functions in (10) can be solved in terms of the three
dimensionless coefﬁcients in (9)
w3
Gd3e2dk
¼2 12mdkð Þ2D1þ
X1
n¼2
1ð Þn dkð Þn1
n2ð Þ! 34m2dkð Þ

 dkCnþ2 12mð Þn1ð Þ Dn
 	
 4 1mð Þ 12mð Þ2 dkð Þ2
 
En


; ð15Þ
w4
Gd3e2dk
¼ kD1; ð16Þ
w5
Gd3e2dk
¼ 2 1 2m dkð ÞD1 
X1
n¼2
1ð Þn dkð Þn1
n 2ð Þ!
 2dkCn þ 4 1 2mð Þn 1ð Þ Dn  3 4mþ 2dkð ÞEn
 

; ð17Þ
w6
Gd3e2dk
¼ 1 2mð Þ
X1
n¼2
1ð Þn dkð Þn1
n 1ð Þ! Dn: ð18Þ
Eqs. (15) through (18) form the conditions necessary and sufﬁcient
to clear the stress tractions at the plane boundary z ¼ d. The cylin-
drical components of displacements and stresses in the matrix can
now be readily calculated in terms of the spherical harmonic poten-tial coefﬁcients Cn;Dn and En. These dimensionless coefﬁcients can
be determined by satisfying the BCs at the void surface.
There is a variety of non-classical BCs that could take into ac-
count surface stress effects (Gurtin et al., 1998). For the simplest
case of a coherent surface, the boundary could be modeled as an
ultrathin ﬁlm without surface structure (Gurtin and Murdoch,
1978). This type of model is represented by three governing equa-
tions. The ﬁrst is the deﬁnition of surface strain
Eab ¼ 12 rSuð Þab þ rSuð Þba
 
: ð19Þ
Here rSu represents the surface gradient of displacement. It is a
superﬁcial tensor ﬁeld deﬁned on the surface although only its tan-
gential components enters into the formulation of surface strain.
The Greek subscripts may denote either the azimuthal (h) or polar
(u) variable of spherical coordinates. The second equation outlines
the constitutive law relating surface strain to surface energy-conju-
gated surface stress
Rhh ¼ s0 þ k0 þ 2l0  s0
 
Ehh þ k0 þ s0ð ÞEuu þ s0 rSuh ihh;
Rhu ¼ 2 l0  s0
 
Ehu þ s0 rSuh ihu;
Ruh ¼ 2 l0  s0
 
Euh þ s0 rSuh iuh;
Ruu ¼ s0 þ k0 þ 2l0  s0
 
Euu þ k0 þ s0ð ÞEhh þ s0 rSuh iuu;
RRh ¼ s0 rSuh iRh;
RRu ¼ s0 rSuh iRu;
ð20Þ
where s0 is the residual surface stress when the bulk is unstrained
and k0 and l0 are two surface Lamé constants, analogous to their
bulk counterparts. Two characteristics of the surface stress tensor
should be noted from Eq. (20): asymmetric (Rhu – Ruh) and super-
ﬁcial (due to the normal components of rSu). On the contrary, the
surface strain tensor (19) is both symmetric and tangential. To ﬁnal-
ize the governing equations of a coherent surface, the stress traction
BCs are furnished
rijnj ¼  rS  Rð Þi ði; j ¼ R; h;uÞ; ð21Þ
where nj represents the components of the unit normal vector to
the surface and rij denotes the stress ﬁeld abutting void surface;
rS  R is the surface divergence of surface stress. The implementa-
tion of these surface governing equations into curvilinear coordi-
nates can be nontrivial. To facilitate the procedure, Mi and Kouris
(2012) derived explicit expressions of surface gradient, surface
strain, and surface divergence in terms of displacement and surface
stress, respectively. Substituting these explicit expressions into Eqs.
(19)–(21), the stress traction BCs can be transformed in terms of
displacements. In view of Eq. (2), the BCs can further be evaluated
through displacement potentials of a given problem.
To satisfy Eq. (21), the potential group (10) must be trans-
formed from cylindrical into spherical coordinates. In view of the
associated Legendre function (4), the transformation formulae
from cylindrical to spherical harmonics is of the form (Morse and
Feshbach, 1999)
Jm krð Þekz ¼
X1
n¼0
kRð ÞmþnPmmþnðlÞ
nþ 2mð Þ! ; ð22Þ
where the cylindrical coordinate variables are related to spherical
ones by z ¼ Rl; r ¼ R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 l2
p
. Replacing (z) with (z), (l) with
(l), and with the help of the parity property of associated Legen-
dre functions (Arfken and Weber, 2005), it can be found that
Jm krð Þekz ¼
X1
n¼0
1ð Þn kRð Þ
mþnPmmþnðlÞ
nþ 2mð Þ! : ð23Þ
By the use of (23), the potential group (10) can subsequently be
reorganized in terms of spherical coordinates as
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X1
n¼2
nn
Rn
dn2
P2nðlÞ;
/1 ¼ G cos h
X1
n¼1
gn
Rn
dn1
P1nðlÞ;
/2 ¼ G sin h
X1
n¼1
gn
Rn
dn1
P1nðlÞ;
/3 ¼ G cos 2h
X1
n¼2
fn
Rn
dn1
P2nðlÞ;
k3 ¼ G sin 2h
X1
n¼2
jn
Rn
dn2
P2nðlÞ;
ð24Þ
where
nn ¼
Z 1
0
1ð Þndn2kn
nþ 2ð Þ!
w3
G
dk;
gn ¼
Z 1
0
1ð Þnþ1dn1kn
nþ 1ð Þ!
w4
G
dk;
fn ¼
Z 1
0
1ð Þndn1knþ1
nþ 2ð Þ!
w5
G
dk;
jn ¼
Z 1
0
1ð Þndn2kn
nþ 2ð Þ!
w6
G
dk:
ð25Þ
Substituting Eqs. (15)–(18) into (25) and employing Euler’s
integral of the second kind (Gradshteyn et al., 1994)Z 1
0
knedkdk ¼ n!=dnþ1 n; c > 0ð Þ; ð26Þ
nn;gn; fn and jn can be rewritten in terms of the dimensionless coef-
ﬁcients Cn;Dn and En as follows.
nn ¼ 2 1 2mð Þ
1 2mð Þqn0
nþ 2ð Þ nþ 1ð Þ þ
2qnþ10
nþ 2ð Þ þ q
nþ2
0
 	
D1
þ
X1
m¼2
3 4mð Þqnþ2m2 þ 2 nþ 3ð Þqnþ3m2
 
Cm

2 1 2mð Þ 3 4mð Þq
n
m1
nþ 2ð Þ nþ 1ð Þ þ
2qnþ1m1
nþ 2ð Þ
 	
Dm
þ2 2 1 mð Þ 1 2mð Þq
nþ1
m2
nþ 2ð Þ  nþ 3ð Þq
nþ3
m2
 	
Em


; fn
¼ 2 1 2mð Þq
nþ1
0
nþ 2ð Þ þ q
nþ2
0
 	
D1 þ
X1
m¼2
2 nþ 3ð Þqnþ3m2Cm

4 1 2mð Þq
nþ1
m1
nþ 2ð Þ Dm þ 3 4mð Þq
nþ2
m2  2 nþ 3ð Þqnþ3m2
 
Em


;
gn ¼ qnþ10 D1; jn ¼ 
X1
m¼2
1 2mð Þqnm1
nþ 2ð Þ nþ 1ð ÞDm; ð27Þ
where
qnm ¼
1ð Þmþn mþ nð Þ!
m!n!2mþnþ1
: ð28Þ
As a result of this formulation, the derivation of expressions for
displacements, stresses, and the surface divergence of surface
stress become straightforward. A and B tabulate the displacement
and stress components due solely to potential groups (9) and (10),
respectively. Their alternative expressions in cylindrical and spher-
ical coordinates can be derived in a similar fashion in view of (13)
and (24). They are deliberately left undocumented for the purpose
of conciseness since Eqs. (5), (6), A, and B are sufﬁcient for the eval-
uation of elastic ﬁeld at any point of the domain under consider-
ation. For surface divergence at the void surface, contributions
from all three potential groups, i.e. (3), (9), and (10), are taken into
account. C.1 lists the explicit expressions of the surface divergence
components at the void surface.
It should be noted that the extra contribution to the surface
divergence due to the deformation-independent residual surface
stress in Eq. (20) can only be addressed in the axial symmetric solu-
tion, not in the anti-symmetric problem. It is proportional to neithersin 2h nor cos 2h. For this, the anti-symmetric solution of the present
problem incorporates only the deformation-dependent component
of surface elasticity, introduced by the anti-symmetric far-ﬁeld ten-
sion (rxx ¼ ryy ¼ T=2). The axially-symmetric solution, on the
other hand, takes into account both the deformation-dependent
and independent components, introduced by the all-around ten-
sion (rxx ¼ ryy ¼ T=2) and residual surface stress s0, respectively.
Furthermore, it is also worth noting that should the deformation-
independent residual surface stress be excluded from the surface
constitutive law (20), the superposition rule of conventional linear
elasticity is still valid. Violations of this rule have previously been
reported by Mi and Kouris (2006) and He and Li (2006).
In the previous investigation of coherent surface/interface ef-
fects, a couple of simpliﬁed and therefore incomplete variations
of the surface constitutive law, originally proposed by Gurtin and
Murdoch (1978), have been adopted in many relevant studies.
Some neglect the residual surface stress (Chen et al., 2007; Duan
et al., 2005b; Duan et al., 2005c; Zhang and Wang, 2007). Others
treat the surface stress tensor as symmetric by ignoring the contri-
bution due to the surface gradient of the surface displacement
(Cahn and Lärché, 1982; Sharma et al., 2003; Sharma and Ganti,
2004). Less notably, some have incorrectly excluded the normal
components of surface gradient and surface stress by overlooking
the fact that both of them are superﬁcial (Mi and Kouris, 2006;
Miller and Shenoy, 2000), as pointed out by Kushch et al.
(2011),Mi and Kouris (2012), and Mogilevskaya et al. (2008).
The rationale of omitting one or more speciﬁc terms in the sur-
face constitutive law (20) depends primarily on the relative magni-
tude of individual terms for a given physical system. Mi and Kouris
(2012) recently analyzed the relative signiﬁcance of each term in
(20). They concluded that the normal components of surface stress
and surface gradient are as important as other deformation-depen-
dent terms, but are appreciably less signiﬁcant than the residual
surface stress for embedded nanoparticles. For the sake of com-
pleteness, we chose to implement here the full surface constitutive
relationship, as previously suggested by Mogilevskaya et al. (2008).
In addition to the new derived surface divergence due to anti-sym-
metric solution (C.1), the expressions of surface divergence due to
axially-symmetric tension, which has previously been derived by
Mi and Kouris (2006) using an incomplete surface constitutive
law, have been reformulated in C.2.
After the displacements, stresses, and surface divergence are
evaluated, we are able to enforce the traction balance BCs (21)
across the void surface. They are eventually transformed into three
sets of linear equations. Equating the coefﬁcients of associated
Legendre function P2nðlÞ and its derivative P2n
0ðlÞ in these equa-
tions, we obtain a set of linear algebraic equations leading to the
unknown potential coefﬁcients Cn;Dn, and En. Solving the resultant
(3n) linear equations, the anti-symmetric problem can be viewed
as completely solved. This solution can subsequently be combined
with the axial symmetric case to form a complete solution of the
problem described in Fig. 1.
3. Results and discussion
Based on the analytical solution developed in the previous sec-
tion, numerical calculations were ﬁrst performed to determine the
dimensionless coefﬁcients An;Bn;Cn;Dn and En. These coefﬁcients
were subsequently substituted back into the expressions of dis-
placements and stresses (Mi and Kouris (2006), A, and B). Using
this approach, we were able to numerically investigate the impact
of surface elasticity on the stress concentration effects around and
in the vicinity of a spherical void embedded close to the plane
boundary of an elastic half space.
In the evaluation of elastic ﬁelds, the governing parameters are
the material properties of the bulk domain (G and m), material
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the void and the plane boundary (d), void radius (a), and the mag-
nitude of the far-ﬁeld uniaxial tension (T). All these factors play a
role in the determination of displacements and stresses at a ﬁeld
point. Somewhat arbitrarily, the elastic half-space was treated as
bulk nickel with shear modulus G ¼ 76 GPa and Poisson’s ratio
m ¼ 0:31 (Callister, 2007). Other elements could have been equally
adopted.
With regard to the material parameters relevant to the void sur-
face, previous investigations tended to borrow surface/interface
properties belonging to speciﬁc crystallographic orientations of a
given crystal (He and Li, 2006; Mi and Kouris, 2006; Mogilevskaya
et al., 2008; Sharma and Ganti, 2004), due clearly to the unavail-
ability of isotropic values. These anisotropic properties are appar-
ently inappropriate for an isotropic surface constitutive model.
Recently, Kushch et al. (2011) used nominal values of surface/
interface properties, i.e. s0=a=T ¼ 0;0:25;0:5;1, in the study of
multiple interacting nanoinhomogeneities embedded in an inﬁnite
substrate.
In the present study, we adopted a similar strategy. Molecular
simulations demonstrate that both residual surface/interface stress
and stiffness constants have a magnitude of about 1 N/m (Mi et al.,
2008; Shenoy, 2005), although either sign is possible. For a nano-
void of radius 10 nm, s0=a; k0=a;l0=a  100 MPa, whose magni-
tude is reasonably close to the practical loads of most
engineering materials. In view of this fact, it seems sufﬁcient to
set s0 ¼ k0 ¼ l0 ¼ 1 N/m when investigating the physical signiﬁ-
cance of surface elasticity.
The other parameters (d; a; T) remain as variables for the para-
metric study of surface stress effects. Numerical solutions indicated
that the dimensionless coefﬁcients An;Bn;Cn;Dn, and En decay
monotonically with increasing n. These coefﬁcients converge more
rapidly for small ratios a=d. As a result, for a=d 6 0:8 , less than 20
terms are necessary for an accuracy of three signiﬁcant ﬁgures.
As mentioned in the Introduction, several previous investiga-
tions have addressed the impact of surface effects on the elastic
ﬁeld due to an isolated void/inhomogeneity embedded in an inﬁ-
nite matrix (Duan et al., 2005a; Duan et al., 2005c; He and Li,
2006; Lim et al., 2006; Sharma et al., 2003; Sharma and Ganti,
2004). The only characteristic length in this group of studies is
the void/inhomogeneity size. Their core ﬁnding is the non-negligi-
ble importance of surface effects when evaluating the elastic ﬁelds
around a nanosized void/inhomogeneity (typically not larger than
tens of nanometers). Numerical calculations conﬁrmed this conclu-
sion for the present half-space problem by ﬁxing the void position
d while allowing the void size to vary.
Our primary focus herein was the investigation of surface ef-
fects pertaining to a nanovoid of constant size (a ¼ 10 nm) embed-
ded at a few different depthes (d ¼ 50;20;12:5 nm) from the plane
boundary of an elastic half-space. Fig. 2 highlights the distribution
of dimensionless rRR;rhh and ruu along two radial directions: par-
allel (u ¼ p=2; h ¼ 0) and perpendicular (u ¼ p=2; h ¼ p=2) to the
tensile direction, respectively. Both classical and surface effects ac-
counted solutions were plotted. Levels of dimensionless radial
stress for the latter case are highest at the void surface (Fig. 2(a)
and (b). They are in sharp contrast with their classical counter-
parts. Moreover, rRR seems insensitive to both radial direction
and ratio a=d.
It is instructive to compare the present solution with that
of a nanovoid embedded in an inﬁnite space subjected to either a
hydrostatic or uniaxial far-ﬁeld tension. Due to high symmetry, a
closed-form solution can be readily developed for the hydrostatic
case (Mi and Kouris, 2012; Sharma et al., 2003)
rRR
T
¼ 1 2 1=2 s0=Ta 2 k0 þ l0 þ s0=2
 
=3Ka
 
1þ k0 þ l0 þ s0=2
 
=Ga
a3
R3
; ð29Þrhh
T
¼ ruu
T
¼ 1þ 1=2 s0=Ta 2 k0 þ l0 þ s0=2
 
=3Ka
1þ k0 þ l0 þ s0=2
 
=Ga
a3
R3
; ð30Þ
where K is the bulk modulus. Given the magnitude of s0; k0 and l0
reported in literature, the most signiﬁcant disturbance due to sur-
face effects originates from the term s0=Ta. This is because s0=Ta
is typically around two orders of magnitude higher than
ðk0 þ l0 þ s0=2Þ=Ka or ðk0 þ l0 þ s0=2Þ=Ga for common engineering
materials. Of course, the elastic ﬁeld is also affected by the sign of
these surface parameters.
Based on the above argument, it is reasonable to take only
residual surface stress into consideration in a trend analysis. The
rather lengthy solution due to a uniaxial far-ﬁeld tension (He and
Li, 2006; Mi and Kouris, 2012) can therefore be greatly simpliﬁed.
The normal stresses along the tensile direction are
rRR
T
¼ 2s0
Ta
a3
R3
þ 1 19 5mð Þ
7 5mð Þ
a3
R3
þ 12
7 5mð Þ
a5
R5
; ð31Þ
rhh
T
¼ ruu
T
¼  s0
Ta
a3
R3
þ 3 3 5mð Þ
2 7 5mð Þ
a3
R3
 6
7 5mð Þ
a5
R5
: ð32Þ
Their corresponding expressions along any perpendicular direc-
tion are given by
rRR
T
¼ 2s0
Ta
a3
R3
þ 6
7 5mð Þ
a3
R3
 a
5
R5
 	
; ð33Þ
rhh
T
¼  s0
Ta
a3
R3
þ 1þ 4 5mð Þ
2 7 5mð Þ
a3
R3
þ 9
2 7 5mð Þ
a5
R5
; ð34Þ
ruu
T
¼  s0
Ta
a3
R3
 3 2 5mð Þ
2 7 5mð Þ
a3
R3
þ 3
2 7 5mð Þ
a5
R5
: ð35Þ
Eqs. (31) and (33) indicate that their ﬁrst term dominates for all
radial distances. The smaller the ratio a=R, the more signiﬁcant the
residual surface stress term becomes. Around the void surface, rRR
reduces to an isotropic value 2s0=Ta. This observation remains true
for the three curves shown in Fig. 2(a) and (b). The presence of a
plane boundary as well as surface elasticity is obviously responsi-
ble for their later separation.
As seen from Eqs. (32), (34) and (35), a term ðs0=TaÞða3=R3Þ
enters into the formulation of rhh and ruu along either direction.
Due to its smaller magnitude, the inﬂuence of this term is not as
strong as the one in rRR. The range of disturbance R=a, however,
is very similar to each other (Fig. 2 (a)–(f)). Among the three groups
of curves in these ﬁgures, those for a=d ¼ 0:2 are clearly closest to
their full-space counterparts (31)–(35) because of the largest dis-
tance between the nanovoid and the plane boundary. To further
clarify the deviation between the half and full-space solutions,
both hoop stress rhh and longitudinal stress ruu were plotted along
two meridian line segments ABC and ADC on the void surface
(Fig. 3(a)–(d)).
In each of the four stresses shown in Fig. 3, three curves of both
the classical and modiﬁed solutions approximately coincide in the
vicinity of the pole A (u ¼ 0), which is the farthest point on the
void surface from the plane boundary (Fig. 1). Two tangential stres-
ses at the pole A are well represented by the corresponding full-
space solutions (34) and (35): s0=Taþ 3ð9 5mÞ=2ð7 5mÞ
(Fig. 3(b) and (c) and s0=Ta 3ð1 5mÞ=2ð7 5mÞ (Fig. 3(a) and
(d), respectively.
It is evident that positive s0, which is true for most crystalline
surfaces (Shenoy, 2005) and interfaces (Mi et al., 2008), alleviates
the stress concentration whereas negative s0 intensiﬁes the
concentration. For the present example s0=Ta ¼ 1 and m ¼ 0:31.
Two stress concentration factors at the pole A decrease to 1:050
and 0:849, respectively. Further increase of s0 can eliminate or
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Fig. 3. Variations of dimensionless hoop stress rhh=T (a, b) and longitudinal stress ruu=T (c, d) along two meridian lines h ¼ 0 (ABC) and h ¼ p=2 (ADC), respectively. The void
radius (a ¼ 10 nm) and uniaxial tension (T ¼ 100 MPa) remain constant for all cases.
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no collapse of nanovoids is observed in void growth and coales-
cence in metals that are subjected to tensile loads (Mi et al.,
2011). The net impact of s0 on stress concentration is of course
determined by both the magnitude and sign of s0=Ta.
Three curves of the classical or modiﬁed solutions gradually
separate from each other with increasing polar angle u (Fig. 3).
For the classical solution, the disturbance due to the plane bound-ary (d) is most signiﬁcant near the north pole C, which is the closest
point on the void surface to the plane boundary. The maximum
deviation among three curves of modiﬁed solution for each stress
component occurs at approximately the same locale as its classical
counterpart. The corresponding magnitude of deviation, however,
is quite different due to the leverage of void surface effects. As ex-
pected, the maximum concentration factor occurs at C for both the
classical and modiﬁed solutions, along the tensile direction
σ
zz
/T
al
o
n
g
+
z
A
xi
s
0.0
0.5
1.0
1.5
2.0
2.5
(a)
Interfacial a/d=
0.8.Classical a/d= 0.5,
0.5, 0.8.
0.2,
0.2,
σ
zz
/T
al
o
n
g
-
z
A
xi
s
0.0
0.5
1.0
1.5
2.0
2.5
(d)
σ
θθ
/T
al
o
n
g
θ=
0,
ϕ=
0
-1.00
-0.75
-0.50
-0.25
0.00
0.25
(b)
σ
θθ
/T
al
o
n
g
θ=
0,
ϕ =
π
-7.0
-6.0
-5.0
-4.0
-3.0
-2.0
-1.0
0.0
1.0
(e)
Normalized Distance z/d
σ
θθ
/T
al
o
n
g
θ=
π
/2
,
ϕ=
0
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
0.5
1.0
1.5
2.0
2.5
(c)
Normalized Distance z/d
σ
θθ
/T
al
on
g
θ=
π
/2
,
ϕ=
π
2.0- 3.0- 4.0- 5.0- 6.0- 7.0- 8.0- 9.0- 0.1-
-5.0
-4.0
-3.0
-2.0
-1.0
0.0
1.0
2.0
3.0
(f)
Fig. 4. Variations of dimensionless longitudinal stress rzz (a, d) and hoop stress rhh (b, c, e and f) along positive and negative z-axis, respectively. The void radius (a ¼ 10 nm)
and uniaxial tension (T ¼ 100 MPa) remain constant for all cases.
2744 C. Mi, D. Kouris / International Journal of Solids and Structures 50 (2013) 2737–2748(Fig. 3(b) and (c). For a given ratio a=d the stress concentration fac-
tor is slightly lower than that of all-round tension (Mi and Kouris,
2006). This illustrates an intuitive point that additional transverse
loading to the half-space problem intensiﬁes the stress concentra-
tion. Fortunately, the magnitude of this increase is limited. As the
ratio a=d approaches unity, this concentration factor seems to be
unbounded for both groups of solutions.σ
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rhh along positive z-axis up to z ¼ 2d, respectively. The hoop stress
rhh was plotted both parallel (Fig. 4)(b) and perpendicular
(Fig. 4(c) to the tensile direction. Fig. 4(a), (b) and (c) were well
approximated by their half-space counterparts given by Eqs. (33),
(35) and (34). The modiﬁed solutions converge to the classical ones
for zP 2d, representing the application range of void surface effects.σ
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Fig. 6. The variation of hoop stress rhh along three line segments near a nanovoid of
radius a ¼ 10 nm embedded d ¼ 20 nm from the plane boundary: a radial line on
the plane boundary (a), the negative z-axis (b), and a meridian line (c). In all three
cases, the azimuthal angle h was chosen as p=2 in order to investigate the stress
concentration effects under different levels of uniaxial tension/compression.
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hand are quite different from those of full-space solution
(Fig. 4(d)–(f)). For rzz, the effect of void surface decays rapidly with
increasing dimensionless distance (z=d) and vanishes at the plane
boundary (O). Zero rzz is apparently due to the absence of traction
loads and the neglect of surface effects at the plane boundary.
The hoop stress rhh, however, shows a complicated behavior.
Void surface properties have different effects at different locations
depending on the radius-to-depth ratio a=d. For regions close to
the pole C, the smallest ratio a=d ¼ 0:2 ismost signiﬁcantly affected.
The strongest inﬂuence of void surface effects appear in the vicinity
of the plane boundary (O) for the largest ratio a=d ¼ 0:8. The corre-
sponding dimensionless stress at O for a=d ¼ 0:8 could be several
times different from those of the classical solution although the sign
of concentration factor was reversed. This trend can also be ob-
served in Fig. 5(a)–(d), in which the cylindrical stress components
rrr and rhh were evaluated along two cylindrical radial lines cen-
tered at O. Stress distributions are considerably affected by the void
surface effects for regions close to O. They converge asymptotically
to the classical solutions at regions far away no matter the size of
the ratio a=d. Roughly at r=d  2 the void surface effects disappear.
As illustrated by the closed-form solution (29) and (30), the net
effects of a coherent void surface is governed by the ratios
s0=Ta; ðk0 þ l0 þ s0=2Þ=Ka and ðk0 þ l0 þ s0=2Þ=Ga. In view of C,
this observation remains valid for the present half-space problem.
Among these ratios, the most signiﬁcant one is s0=Ta, based on re-
ported values of both surface and bulk properties for engineering
materials (Callister, 2007; Mi et al., 2008; Shenoy, 2005). The resul-
tant inﬂuence of s0=Ta of course is governed by the competition
among three involving parameters, both in magnitude and sign.
Since s0 for most crystalline surfaces and interfaces is positive
(Mi et al., 2008; Shenoy, 2005), it is worth separately investigating
the impact of nanovoid surface effects under different levels of far-
ﬁeld loads.
Fig. 6(a)–(c) highlight the dimensionless stress rhh=T along
three line segments that are perpendicular to the loading direction
in the vicinity of the nanovoid. Different loading levels result in sig-
niﬁcantly different concentration factors. The separation between
modiﬁed and classical solutions is inversely proportional to the
loading magnitude irrespective of the sign. For loads of the same
magnitude but with opposite signs, compressive loads tend to
intensify the stress concentration whereas tensile loads are likely
to alleviate the concentration. This behavior is consistent with
those observed in previous numerical examples in which the load
was set as 100 MPa (Figs. 2–5).
4. Conclusions
We determined the stress concentration near a nanovoid,
embedded in a semi-inﬁnite substrate. The effect of various combi-
nations of loading conditions with different intensity and sign, void
surface properties, and characteristic lengths (d & a) was studied,
following a semi-analytical solution procedure. The result was a
range of possible stress concentration values in regions near the
void – the worst possible scenarios indicated a possible stress con-
centration variation of up to one order of magnitude. Based on re-
ported values of surface parameters, the residual surface stress s0
is most likely to affect the stress concentration factor. The net ef-
fect of the void surface is indeed inversely proportional to s0=Ta.
In addition, the void surface effects are more pronounced when
the voids are closer to the surface. The stress concentration around
the void, however, is highly localized and decays very rapidly for
both the classical and modiﬁed solutions, essentially disappearing
when z > 2d or r > 2d.
In light of these ﬁndings, we believe that it is possible to design
nanoporousmaterialswith reduced, orevennegligible, stressconcen-trations.Wehope thatourﬁndingsmayshed some light on thedesign
principles of nanosized structural elements, especially of those with
appreciable porosity near surfaces. Future work could entail extend-
ing our model to nanovoids or nano-inhomogeneities present in thin
ﬁlms, under the inﬂuence of various loading conditions.Acknowledgements
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and the symbol d denotes the Kronecker delta, i.e. d2n ¼ 1 for n ¼ 2
and zero otherwise.
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The integral on the right hand side of the last expression can
further be evaluated in terms of associated Legendre function for
m 6 n and hypergeometric series for m > n (Arfken and Weber,
2005).
Appendix C. Surface divergence of surface stress
C.1. Surface divergence due to anti-symmetric solution
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anþ3
;
lSB2 ¼
nþ 2ð Þ nþ 5 4mð Þ nþ 1ð Þk0 þ 2nl0 þ 2s0
 
2Ga 2nþ 3ð Þ
dnþ3
anþ3
;
lSB1 ¼
n3n2 14mð Þþ2n 12mð Þ k0þ2 n32n2 12mð Þ2nþ4 1mð Þ l0þ2 n22þ2m s0
2Ga 2n1ð Þ
 d
nþ1
anþ1
;
lSa1 ¼
n 1ð Þ nk0 þ 2 nþ 1ð Þl0  2s0
 
2Ga
an2
dn2
;
lSb1 ¼
n 1ð Þ n 4þ 4mð Þ nk0 þ 2 nþ 1ð Þl0  2s0
 
2Ga 2n 1ð Þ
an2
dn2
;
lSb2¼
n3þ4n2 1mð Þþn 712mð Þþ48m k0þ2 n3þn2 54mð Þþn 58mð Þ3 l02 nþ1ð Þ22þ2m s0
2Ga 2nþ3ð Þ
a
n
dn
;
and
c3 ¼ 2k0 þ 2l0 þ s0
 
=Ga:
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